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ABSTRACT: In multiple sectors, bipolar fuzzy sets have recently become a thriving field. Hamacher
sum, Hamacher product, Hamacher scalar multiplication (m., R) and Hamacher exponentiation (R"»™)
operations on bipolar fuzzy matrices (BFMs) defined in this article. On BFMs, also describe their

algebraic properties.
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1. Introduction

Almost every discipline has adopted fuzzy
concepts since Zadeh [11] first fuzzy sets in
1965. In 1977, Thomason [10] developed the
notions of FMs. An initial concept of a bipolar
fuzzy set was introduced by Zhang [12]. In 2019,
M. Pal and Mondal S. [5] examined BFSs and
specific findings on BFMs are reviewed. A
couple of operations on Intuitionistic Fuzzy
Matrices (IFMs), like the Hamacher operations
are suggested and explained by Silambarasan and
Sriram [8] as algebraic characteristics of IFMs.
Guiwuwei et. al [3] proposed bipolar fuzzy
hamacher aggregation operators (MADM).
Jeong Geo Lee and Kul Hur [4] initiated the
notions of BF reflexive, symmetric and transitive
relation. They are notions of a BF equivalence
class and BF partitions are established.
Chiranjibe Jana and M.Pal [2] presented
hamacher aggregation operators such as the
picture fuzzy hamacher weighted averaging
operator for the assessment of qualified
enterprise selection. Applications of the bipolar
complex fuzzy Hamacher aggregation operators
in MADM were covered by Tahir Mahmood et
al. [9].

2. Preliminaries

A few pertinent fundamental definitions and
findings are retained for further use.

2.1 Definition [11]

The fuzzy set is defined by the membership
functionug(u): u—[0,1]. Any value between 0
and 1 can be an element of the discourse universe
U which belongs to the fuzzy set. For an element
u, its degree of membershipis 0 < up(u) < 1.

2.2 Definition [10]

Take R be matrix, R = [(r;))] . where r;; lies

0Oand 1,1 <i<wuand 1<j<wvthen R is said
to FM.

2.3 Definition [4, 12]

A bipolar fuzzy set is a pair of (—n,,7,) where
—T:r > [-1,0] and n:r—[0,1] are the
respectively -ve and +ve membership degree of
r € R. The set of all bipolar fuzzy set onR is
denoted by Br(R). Bipolar fuzzy set is an
extension of fuzzy set.

2.4 Definition [5]

A bipolar fuzzy matrixR = [(r;;)] where (7;;) is
deflnEd as (_Tijn' rijp) Whose Ti]'TU rijp (S
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[0,1] V i,j represent the element's negative and
positive membership values, respectively, 7;;.

2.5 Definition (Some special bipolar fuzzy
matrices) [5]

(i) A zero bipolar fuzzy matrix is the arrangement
of zero elements into rows and columns. It is a
matrix with all its entries equal to zero. A matrix
whose entries are all zero0,, of order n X n is the
matrix of elements 0, = (0,0).

(if) A Identity bipolar fuzzy matrix I,, isann X n
matrix with the main diagonal elements are i}, =
(—1, 1) and all order elements are 0, = (0,0).

(iii) Let J, be a unit bipolar fuzzy matrix whose
all the entries of J,, of order n X n is the matrix of
elements (—1, 1).

2.6 Definition (Functions of BFMs [5])
Let X = [XU = (—xijn, xijp)]pxq ) Y =

[vij = (=Yijn Vijp)lpxq be two bipolar fuzzy
matrices.

() XVY=X+Y =t + i) pxq =

(= max{x;n Yijn}  max{Xijp, Vijp Poxq V ij
() XAY =X-Y = (xij* Yij)pxq =

(= min{x;jn Yijn}, min{x;jp, VijpPoxq Vi)
Let G = (—gijn, 9ijp) € BFMyy,,. Then  G€
expand as G = (—1+ gjjn, 1 — gijp)Vi,J.

3. Hamacher sum and hamacher product on
BFMs.

3.1 Definition Let R,T € BF,,,,

(i) R@ys T = (<_ (rijn+tijn_2rijntijn) ’

1-Tijntijn
rijp”ijp—zﬁjptijp»

1=Tijplijp

(i) ROppT =
Tijplijp

(e ) i

Tijnttijn=Tijntijn/ Tijp+tijp=Tijplijp

3.2 Property For R € BF;,,,,R Oyp T <
R®pysT.

Proof:
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Tijntijn Tijn + tijn — 2Tijntijn
Tijn + tijn = Tijntijn 1 ="1ijntijn

Tijptijp <Tup t bijp ~ 2Tijplyjp
Tijp + tijp — Tijptijp 1 —rijptijp

Hence, ij'" entry of R Oyp T < ij** entry of
R ®pysT.

Therefore, R Opp T < R @ps T.
3.3 Property Take R € BF,,,,
() R®usR =R,

(i) R Opp R <R.

Proof:
(|) R @ R = (< (27”ijn_27”i2jn> Zrijp_2r1j2jp>>
HS - -
TR R
— _ 27”ijn ZT,:jp
1+T‘ijn ’1+rijp
= ((—=7ijn,Tijp)) = R
. 21y 21
Since —= > 1y, and —2& > 1y,
147 jn 1+73jp

Hence, ijt" entry of R @45 R = ij*" entry of R.
Therefore, R @ys R = R.
(ii) It is similarly provable.

These traits are easily recognized. For @ and
Opyp, both  commutative and associative
characteristics are applicable. The identity
elements’ existence in connection to @5 and
Opyp is demonstrated by the following theorems.

3.4 Property Take R, T,S € BF,,,,

() R®usT =T @usR,

(i) (R ®usT) @us S = R Ous (T Bus S),
(i) ROupT =T OupR,

(V)R Oup T) Oup S = R Opp (T Oup ).
3.5 Property Take R, T € BF,,,,

() ROus0=0@usR=R,

(i) R OupJ =] Oup R =R,

(i) ROup0=0,
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(V)R ©ysJ =].
These two monoids are commutative:

(Banr@HS) and (Ban:OHP)- For
transposition, operations @ys and Oyp do not
adhere to De Morgan's rules.

3.6 Property Take R, S € BF,,,,
(i) R®usS)" =R" Dys ST,
(ii) R Oup )T =R" Opp ST.
Where R is transposed to RT

3.7 Property Take R,T € BF,,,,,ifR<T,
afterward R @ps S < T @ps S

Proof: Let Tijn < tijn and Tijp <t for all l,]

ijp

Tijn  Sijn = 2TimSijn _ tijn + Sijn = 2lijnSijn

1= TijnSijn 1—tijnSijn
Tijp + Sijp — 2TijpSijp
1

< Lup + Sijp — 2tijpSijp
1—t

~ TijpSijp ijpSijp

Therefore, ijt" entry of R @ys S < ij" entry of
T @y S.

3.8 Property Take R,T € BF,,,,,ifR<T,
ROupS <T OpypS.

Proof: Letryj, < t;j, and 1y, < t;;, forall i, .

TijnSijn ijnSijn

<

tijn t Sijn = tijnSijn
t

Tijn  Sijn = TijnSijn

TijpSijp < ijpSijp
Tijp + Sijp ~ TijpSijp  Lijp * Sijp — LijpSijp
Therefore, R Opp S <T Opyp S.

3.9 Property For R,T € BF,,,,

(i) RAT) ®us (RVT) =R BusT,

(i) (RAT) Oyp (RVT) =R Opp T.

Proof: (i) (RAT) @us RVT) =
((min(rijn, tim)  min(ryjp, tizp))) Bus

((max(ri]-n, ti]'n) ,max (rijp' tUP)))

(<_ (min(rijnrtijn)+max(rijn'tijn)_Zmin(rijnvtijn)max(rijnvtijn))>)
)

1-min(rijntijn)max(rim.tijn)

<<<mi"(n‘jw tijp) +max(Tijp, tijp) — 2min(rijp, tijp ) max(ryjp, ti,-,,)>>>

1 = min(rijp, tijp)max(rijp, tijp)

:(<_ (rijn”ijn—zﬁjnfijn) n,-p+ti,-p—2ri,-pti,-p>> _
1=Tijntijn T ITiptip

R @pysT.

(i1) It is similarly provable

3.10 Property: Take R,T € BF,,,,

() (R@us T) =R Opp T*,
(i) (ROpp T)° =R ®pys T¢.

4. Hamacher scalar multiplication (m., R) and

Hamacher exponentiation (R"»™).

This part, (m.,R) and (R"»™) on BFMs
illustrated. Some qualities over BFMs are
obtained.

m.p R:
Utilizing
R @HS Ta

the meaning of Hamacher sum

R,R

_ ( (Tijn + Tijn — Zrijnrijn> Tijp + Tijp = 2TyjpTijp >
- - )
1 =TijnTijn L =TijpTijp

_ _ 2Tl-jn - 27"5-11 Zrijp — 2ri§p>>
_<< < 1_7'5'11 )l 1_ri3'p
<<_< Zrijn > Zrijp >>
1 +Tijn "1 +Tijp
2R

_ Zrl-]-n Zrl-jp
B < _<1 +(2- 1)rl-]-n>'1 +(2 - Drijp )

3nR

_ 3rijn 3rijp
B ( _<1 +3- 1)rijn>’1 + (3= Dryp )

In overall,

Mmrij, Mijp
R=((- ,
m'h << <1 + (m — 1)rijn> 1 + (m — 1)Tijp>>

Hamacher exponentiation (R"»™).
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Utilizing the meaning of Hamacher product
RQHp T’

R/\hR

_ ( _( TijnTijn ) TijpTijp )
Tijn + Tijn = TijnTijn) Tijp + Tijp — TijpTijp

2 2

—\\ 2 | 2
2Tijn ~ Tijn) 2Tijp — Tijp
- - )
2 — T in 2 — T ip
R/\hZ

(] Tijn Tijp
B << (2 -(2- 1)rijn> 2-(2- 1)rijp>>

R/\h3

_ (] Tijn Tijp
B << (3 -(3- 1)rijn> '3-(3-— 1)rijp>>

In overall,

R/\hm

_(|_ Tijn Tijp
B << (m —(m - 1)rijn>’m — (m - 1)rijp>>

4.1 Property: Take R,T € BF,,,, and +ve
integers m, m,, m,.

(i) mypR @ys mypR = (Mg + my) 4R,
(if) (M., R) @ps (., T) = mp(R @ys T),
(i) R O, R = R +me)

(iV)R"™ Qyp T"™ = (R Oyp T)"™,

(V) mpp(myxR) = (Mmymy) 4R,

(vi) (R M) Anmz — RAR(Mama2)

4.2 Property: Take R,T € BF,,,, and +ve
integer m.

(i) mp(RAT) = (mpR) A (m,T),
(i) mp(RVT) = (muR) vV (m,T),
(iii) (R AT)M™ = R"™ A TN

(R v T)n™ = R \y TARM
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5. Application of Bipolar fuzzy matrices in
decison making

In this section, we present one example of a
decision making based on score value. Finally,
selecting the best purifier for the good health of
humans.

Methodology:

Step: 1 To determine the BFSs over D
Step: 2 To determine the BFMsan R and T
Step: 3 To evaluate

Step: 4 To examine the total score S; and S;, =
max(S; ) and afterward choose the best option
purifier S, has the maximum value.

Example: Suppose there are three purifiers P =
{p1,p2, p3}and set D is made up of parameters
related to the purifier. Finally selecting the best
purifier for the good health of humans.

Step: 1

Consider the following three Bipolar fuzzy sets
are given by, (F,R) = Fg(d4),Fr(d,),Fr(d3)
Where, Fr(d,) =

{(pll _06, 05), (pz, _02, 03), (p3, —03, 04)}

Fr(d>)
= {(p1,—0.4,0.1), (p,, —0.3,0.5), (p3, —0.7,0.2)}

FR(d3)
= {(pl; _O-Zﬂ 0-3); (pz, _0-2, 0-4), (p3, _0.6, 0.2)}

(F,T) = {Fr(d1), Fr(d>), Fr(d3)} Where,

Fr(dy)
= {(p1,—0.4,0.2), (p, —0.5,0.1), (p3, —0.4,0.3)}
Fr(dz)
= {(p1,—0.3,0.4), (p, —0.6,0.3), (3, —0.5,0.2)}
Fr(ds)

= {(p1,—0.1,0.4), (p2,—0.2,0.6), (p3,—0.1,0.3)}
Step: 2

Construction of Bipolar fuzzy matrices



RC =

T =

Step:

(—0.6,0.5)
(=0.2,0.3)
(-0.3,0.4)

(—0.4,0.2)
(—0.5,0.1)

(—0.4,0.3)

(—0.4,0.5)
(—0.8,0.7)
(~0.7,0.6)

(—0.6,0.8)
(—0.5,0.9)
(—0.6,0.7)

3
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(—0.4,0.1)
(—0.3,0.5)
(—0.7,0.2)

(=0.3,0.4)
(—0.6,0.3)
(=0.5,0.2)

(—0.6,0.9)
(=0.7,0.5)
(—0.3,0.8)

(=0.7,0.6)
(—0.4,0.7)
(—0.5,0.8)

To

ANd S((ROuPT)(REOHPTS))

(=0.2,0.3)]
(—0.2,0.4)

(—0.6,0.2)|

(=0.1,0.4)]
(—0.2,0.6)

(—0.1,0.3)|

(—0.8,0.7)]

(—0.8,0.6)

(—0.4,0.8)|
(=0.9,0.6)]

(—0.8,0.4)

(—0.9,0.7)|

calculate
R Qpp T, RS Oup TS, V(R Opp T), V(RS Opp TO)

(=0.32,0.17) (-0.21,0.09) (—0.07,0.21)
RQ®upT =|(=0.17,0.08) (—0.25,0.23) (—0.11,0.32)
(-0.21,0.21) (—0.41,0.11) (-0.09,0.14)
(—0.32,0.44) (—0.48,0.56) (—0.73,0.48)
R¢ Opup T =|(—0.44,0.65) (—0.34,0.41) (—0.67,0.32)
(—0.48,0.48) (—0.23,0.67) (—0.38,0.60)

-0.49 -0.3 -0.28

V(ROupT) =|-025 —048 -0.43

—0.42 -0.52 -0.23

-0.76 —-1.04 -1.21

V(R 0,,T)=|-1.09 —-0.75 -0.99

-0.96 —09 —0.98

0.27 0.74 0.93]

0.54 0.38 0.75

Step:4
1.94
Total score= |1.67
1.67

p1 = 1.94 is maximum value.
Therefore, p,is the best purifier.
6. Conclusion

In this article, we found Hamacher
Hamacher product, Hamacher scalar
multiplication (m., R) and Hamacher
exponentiation (R"»™) operations on BFMs.

sum,

Additionally, certain algebraic properties are
demonstrated on BFMs.
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